We define the set C of complex numbers as the set of all ordered pairs z = a, b where a and b are real numbers and where addition and multiplication are defined. We define the real and imaginary parts of z and denote this by a = ℜ(z), b = ℑ(z). These definitions satisfy all the axioms for a field. 0 C = 0 + 0i and 1 C = 1 + 0i are identities for addition and multiplication respectively, and there are multiplicative inverses for each non zero element in C. The difference and division of complex numbers are also defined. We do not interpret the set of all real numbers R as a subset of C. From here on we do not abandon the ordered pair notation for complex numbers. For example: i 2 = (0 + 1i) 2 = −1 + 0i = −1. We conclude this article by introducing two operations on C which are not field operations. We define the absolute value of z denoted by |z| and the conjugate of z denoted by z * .
(9) For all complex numbers z 1 , z 2 such that ℜ(z 1 ) = ℜ(z 2 ) and ℑ(z 1 ) = ℑ(z 2 ) holds z 1 = z 2 .
Let z 1 , z 2 be complex numbers. Let us observe that z 1 = z 2 if and only if:
(Def. 5) 5 ℜ(z 1 ) = ℜ(z 2 ) and ℑ(z 1 ) = ℑ(z 2 ).
The element 0 C of C is defined as follows:
The element 1 C of C is defined as follows:
Then i is an element of C and it can be characterized by the condition:
Let us note that 0 C is zero. One can prove the following propositions:
(17) 7 ℜ(i) = 0 and ℑ(i) = 1.
In the sequel z, z 1 , z 2 are elements of C. Let us consider z 1 , z 2 . Then z 1 + z 2 is an element of C and it can be characterized by the condition:
One can prove the following propositions:
Let us consider z 1 , z 2 . Then z 1 ·z 2 is an element of C and it can be characterized by the condition:
Next we state several propositions:
(24) 10 For all complex numbers z 1 , z 2 holds ℜ(
Let us consider z. Then −z is an element of C and it can be characterized by the condition:
One can prove the following three propositions:
(34) 12 For every complex number z holds ℜ(−z) = −ℜ(z) and ℑ(−z) = −ℑ(z).
Let us consider z 1 , z 2 . Then z 1 − z 2 is an element of C and it can be characterized by the condition:
The following two propositions are true:
Let us consider z. Then z −1 is an element of C and it can be characterized by the condition:
We now state several propositions:
(64) 17 For every complex number z holds
Let z be a complex number. The functor |z| is defined as follows:
Let z be a complex number. Note that |z| is real. Let z be a complex number. Then |z| is a real number. We now state several propositions:
(130) 27 |0 C | = 0.
(131) For every complex number z such that |z| = 0 holds z = 0 C .
(132) For every complex number z holds 0 ≤ |z|.
(133) For every complex number z holds z = 0 C iff 0 < |z|.
(134) |1 C | = 1.
(135) |i| = 1.
(136) For every complex number z such that ℑ(z) = 0 holds |z| = |ℜ(z)|.
(137) For every complex number z such that ℜ(z) = 0 holds |z| = |ℑ(z)|.
(138) For every complex number z holds |−z| = |z|.
In the sequel z is a complex number. We now state a number of propositions:
(140) ℜ(z) ≤ |z|.
(141) ℑ(z) ≤ |z|.
(142) For all complex numbers z 1 , z 2 holds |z 1 + z 2 | ≤ |z 1 | + |z 2 |. (154) |z · z| = ℜ(z) 2 + ℑ(z) 2 .
(155) |z · z| = |z · z |. 27 The proposition (129) has been removed.
